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SETS, RELATIONS AND FUNCTIONS

Let us condder the following Situation :

Oneday Mrs. and Mr. Mehtawent to the market. Mr. Mehta purchased the following objectsy
items.

"atoy, one kg sweets and amagazine'. Where as Mrs. M ehta purchased the following objectsy
items.

"Lady fingers, Potatoes and Tomatoes'.

In both the examples, objects in each collection are well defined. What can you say about the
collection of students who spesk the truth ? Isit well defined? Perhaps not.

A st isacollection of well defined objects. For a collection to be a st it is necessary that it
should be wdl defined.

The word well defined was used by the German Mathematician George Cantor (1845- 1918
A.D) to define a set. He is known as father of set theory. Now-a-days set theory has become
basic to most of the concepts in Mathematics.

In our everyday life we come across different types of relations between the objects. The
concept of relation has been developed in mathematical form.

The word function was introduced by Leibnitz in 1694. Function is a specid type of reation.
Each function isareation but each relation is not a function. In thislesson we shdl discuss
some basic definitions and operations involving sets, Cartesian product of two sets, relaion
between two sets, the conditions under when a relation becomes a function, different types of
function and their properties.
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After sudying thislesson, you will be ableto :

define a set and represent the same in different forms;

define different types of sets such as, finite and infinite sets, empty set, Sngleton s,
equivalent sets, equa sets, sub sets and cite examples thereof;

define and cite examples of universal set, complement of a set and difference between
two sets;

define union and intersection of two sets,

represent union and intersection of two sets, universa sets, complement of ast, difference
between two sets by Venn Diagram;

solvered life problems usng Venn Diagram,
define Cartesan product of two sets;

define relation, function and cite examples thereof;
find domain and range of afunction;

define and cite examples of diferent types of functions (one-one, many-one, onto, into
and bijection);

determine wheather a function is one-one, many-one, onto or into;
draw the graph of functions;

define and cite examples of odd and even functions;

determine whesther afunction is odd or even or neither;

defineand citeexamplesof functionslike | x |, [X] the greaetest integer function, polynomid
functions, logarithmic and exponentia functions;

define composition of two functions;
define the inverse of afunction; and

date the conditions for the inverse to exist.

EXPECTED BACKGROUND KNOWLEDGE

Number systems, concept of ordered pairs.
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15.1 SOME STANDARD NOTATIONS

Before defining different terms of this lesson let us consder the following examples

(i) collection of tall studentsinyour school. | () collection of those students of your school
whose height is more than 180 cm.

(i) collection of honest persons in your | (ii) collection of those people in your colony

colony. who have never been foundinvolved inany
theft case.
(iii) collection of interesting books in your | (i) oollectiqn of Mahematics books in your
schoal library. schoal library.
(iv) collection of intelligent studentsin your | (V) collection of those students in your school
schooal. who have secured more than 80% marksin

annud examination.

Indl collectionswritten on left hand Sde of the verticd linethe term tallness, interesting, honesty,
intelligence are not well defined. In fact these notions vary from individud to individud. Hence
those collections can not be consdered as sets.

Whilein dl collections written on right hand side of the verticdl line, *height' 'more than 180 cm.”
'mathemati cs books 'never been found involved in theft case,' ' marks more than 80%' are well
defined properties. Therefore, these collections can be considered as sats.

If a collectionisaset then each object of this collection issaid to be an dement of thisset. A set
is usudly denoted by capita letters of English aphabet and its e ements are denoted by smal
|letters.

For example, A = Toy dephant, packet of sweets, magazines.
Some standard notationsto represent sets:
N:  theset of naturd numbers
W: theset of wholenumbers
Zorl: thesatof integers
Z".  theset of postveintegers
Z .  theset of negative integers
Q: the set of rationd numbers
R: the st of real numbers
C: the st of complex numbers
Other frequently used symbols are :
| : 'belongsto
| :  ‘'doesnot belong to'

$ : Thereexids, $ : There doesnot exis.
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For example N isthe set of naturad numbers and we know that 2 isanaturad number but - 2 is
not a natura number. It can be written in the symbolicformas 27 N and - 21 N.

15. 2 REPRESENTATION OF A SET

There are two methods to represent a set.
15.2.1 (i) Roster method (Tabular form)

In this method a s&t is represented by ligting Al its eements, separating these by commeas and
enclosing these in curly bracket.

If V bethe st of vowes of English alphabet, it can be writtenin Rogter form as:
V={aeio0, U}

(i) If A bethe set of naturd numberslessthan 7.

then A={1, 2, 3, 4,5, 6}, isinthe Roster form.

Note : To write a st in Roster form elements are not to be repested i.e. dl eements are
taken as digtinct. For example if A be the set of letters used in the word mathematics, then

A={m,at hei,c,s

15.2.2 Set-builder form

In this form elements of the set are not listed but these are represented by some common

property.

Let V bethe st of vowels of English dphabet then V' can be written in the set builder form as
V ={x: xisavowd of English aphabet}

(i) Let A bethe set of naturd numbers lessthan 7.

then A={x:xI Nand1l£x <7}

Note : Symbol "' read as 'such that'

SCN[CINR \Vrite the following in set -builder form :

@ A={-3-2,-1,0,1,2,3} (b) B = {3,6,9,12}
Solution: (@ A ={x:xI Zand-3£x£3}
(b) B={x:x=3nandn TN,n £4}

SEUENEWE  \Write the following in Rogter form.

(@ C={x:xI Nand50£ x £60}
() D= {x:xT R and x? - 5x+6:O}
Solution:  (a) C={50, 51, 52,53,54,55,56,57,58,59,60}

(b) x? - 5X+6=0
=} (x- 3)(x-2)=0

MATHEMATICS
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x=3,2.

D={2,3
15.3 CLASSIFICATION OF SETS

15.3.1 Finite and infinite sets
Let A and B be two setswhere
A ={x: xisanaurd number}
B = {x:xisadudent of your school}

Asitisdear that the number of dementsin st A isnat finite (infinite) while number of dementsin
st B isfinite A issad to be an infinite set and B issad to beisfinite s&t.

A sstissadto befiniteif its dements can be counted and it issaid to beinfinite
if it isnot possible to count upto its last eement.

/UI

15.3.2 Empty (Null) Set : Congder the following sets.
A= {x:xT R and x? +1:O}

B ={x : x isnumber which is greater than 7 and less than 5}

Set A conssts of real numbers but there is no real number whose squareis - 1. Therefore this
set condgts of no dement. Similiarly there is no such number which islessthan 5 and greater
than 7. Such asat issaid to be anull (empty) st. It is denoted by the symbol void, f or { }

A set which has no eement is said to be a null/empty/void set, and is denoted by f .

15.3.3 Singleton Set : Congder the following st :

A ={x: x isan even prime number}
Asthereisonly one even prime number namely 2, so set A will have only one eement. Such a
st is said to be singleton. Here A = {2} .

A sat which has only one eement is known as Sngleton.
15.3.4 Equal and equivalent sets: Congder the following examples.

0m A={12,3, B={213 () D={12,3, E={abg.

In example (i) Sets A and B have the same elements. Such setsare said to be equa setsand it
iswritten as A = B. In example (ii) s&t D and E have the same number of eements but eements
are different. Such sets are said to be equivaent setsand are written as A » B.

Two sets A and B are said to be equivdent setsif they have same number of eements but they
aresadto beequd if they have not only the same number of elements but dementsare dso the
same.

15.3.5 Digoint Sets: Two satsaresaid to bedigoint if they do not have any common eement.
For examplesetsA={ 1,35} and B ={ 24,6 } aredigoint sets.
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A={24 and B={ x:xisasolutionof x>+6x+8=0}
AreA and B digoint sets ?
Solution : If wesolve x2 +6x + 8 = 0,we get
=-4-2.
\ B={-4,- 2} and A={2,4

Clearly ,A and B are digoint sets as they do not have any common e ement.

eI If A ={x:Xxisavowd of English dphabet}

and B={y:yl Nand y£5}
Is ()A=B (i)A»B ?
Solution : A={aei,ou}, b={12 3 45}.
Each st is having five dements but eements are different
\ A1 B but A»B.

SEnJENEEE \Which of the following sets

A ={x:xisapoint on aline}

B={y:yI Nandy £ 50}

arefinite or infinite ?
Solution : As the number of points on a line is uncountable (cannot be counted) so A is an
infinite sat while the number of natura numbers upto fifty can be counted so B isafinite sat.

=enlJNKN \Which of the following sats

A={x:xis irrational and x2 - 1 =0} -

B={x:x1 zand - 2 £ x £ 2} aeempty?
Solution : Set A condsts of those irrational numbers which satisfy X2 - 1= 0. If we solve
x2-1=0 weget x =+1.Clearly +1arenctirrational numbers. Therefore A isan empty set.
ButB={-2-101 2} .Bisnot an empty s asit hasfive dements

SElJNLWE \Vhich of thefollowing sstisare singleton ?
A={x:x1 Zand x- 2=0} B={y:yl Rand y2- 2=0}.

Solution : Set A containsthoseintegerswhich arethesolutionof x- 2=0 orx=2.\" A={2}.
p A isasngleton st.

B isaset of those redl numberswhich are solutionsof y2- 2=0 or y =+./2

\ B ={ -v2,+/2} Thus B isnot asingleton s&t.

| 6 | MATHEMATICS
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\ Y § CHECK YOUR PROGRESS 15.1

1. Which of the following collections are sets ?
() Thecollection of daysin aweek garting with S.
(i) Thecallection of natura numbers upto fifty.
(i) The collection of poems written by Tulsidas.
(iv) Thecollection of fat sudents of your school.

(2) Insert the appropriate symbal in blank spaces.

1f A={1,2,3.

@ Lo A i) 4...A.

3. Write each of the following setsin the Roster form :

@) A= {x:xl zand -5 £x £0}.

@ B={x:xI Rand x2-1=0}.
(i)  C={x:xisaletter of the word banana}.

(iv)  D={x:xisaprimenumber and exact divisor of 60}.

4. Write each of the following sets are in the set builder form ?
0] A={2,4,6,8,10} (i) B={3,6,9,....¥}

i) C={2,357) V) D={-2,42}
Are A and B digoints sets ?
5. Which of the following sets are finite and which are infinite ?
(i) Setof lineswhich are pardld to agivenline
(i) Setof animdson the earth.
(i) Set of Natura numberslessthan or equd to fifty.
(iv) Setof pointsonacircle.
6. Which of the following are null st or Sngleton ?
() A={x:x1 R and x isasolution of x2+2 =0}.

(i) B={x:x1 Z and x isasolution of x - 3= 0}.

(i) C={x:xT Z and x isasolution of x2- 2=0}.

(iv) D={x:xisasudent of your school sudying in both the classes X1 and XII }

7. Inthefollowing check whether A=Bor A » B -
0] A ={a}, B ={x: xisaneven prime number}.

(ii) A={12 3,4}, B={x:xisaletter of the word guava} .
(i) A={x:xisasolutionof x2- 5x+6=0},B={2,3}.
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15.4 SUB- SET

Let st A beasat containing al sudents of your school and B be a set containing al students of
class X1 of the schoal. In this example each dement of st B isalso an dement of st A. Such a

st Bissadtobesubset of thesst A. Itiswrittenas B | A
Consider D={1,234,..... }

Clearly eechdement of st Disandementof st Edso\ DI E

If A and B are any two sets such that each eement of the set A isan dement
of the set B a0, then A is said to be a subset of B.

() Eaxchstisasubsstofitsdfie A | A.

(i) Null set has no dement so the condition of becoming asubset isautomatically satisfied.
Therefore null set is asubset of every set.

(i) fA 1 gandg| AthenA=B.

(iv) If o1 Bad At B then A issaid to be aproper subset of B and B issaidto bea
super sstof A.ie A ] BorBEA.

SETYENERE If A ={X: X isaprime number lessthan 5} and

B ={y:yisaneven prime number} thenis B a proper subset of A ?
Solution : It is given that

A={2,3}, B={2}.

Clealy Bl A and Bt A

WewriteB | A

and say that B is a proper subset of A.

SO IERl [fA={123 4}, B={2 34,5}

isAl BorBIl A?

Solution: Here1i A butll Bb Al/ B.

Also 51 Bbut51 Ab BI/A.
Hence naither A isasubset of B nor B isa subset of A.

SENJENENIE If A={a ¢€ei,o0, U}

B={ei,0u a}
IsAl BorB!l A orboth?

| 8 | MATHEMATICS



Solution : Herein the given sets each dement of set A isan dement of set B dso

\ Al B
andeechdementof st Bisandementof st Adso.\ Bl A ... (i)
From (i) and (ii)
A=B
15.5 POWER SET
Le A={ab}

Subset of A are f |, {a}, {b} and{a, b}.

If we consider these subsets as elements of anew set B (say) then
B={f{a{b}.{ab}}

B issaid to be the power set of A.

Notation : Power set of aset A is denoted by P(A).
Power set of aset A isthe st of all subsets of the given st.

SenlNISMNEN \\/rite the power st of each of the following sets:

0  A={x:xi Rand x2+7=0}.

(i) B={y:yl Nandl£y£3.

Solution :

@) Clearly A =f (Null set)

\ f isthe only subset of given st

\ P(A)={f}

(i) The set B can bewritten as{1, 2, 3}

Subsetsof Bare f , {1}, {2}, {3},{1, 2},{1, 3},{2,3},{1, 2 3}.

\ PB®={ f.{1},{2,{3},{12,{1,3},{2,3},{1,2 3} }.

15.6 UNIVERSAL SET

Congder the following sets.
A ={x: x isasgudent of your school}
B ={y:yisamde student of your school}
C={z: zisafemde sudent of your school}
D ={a: aisasudent of class XII in your school}
Clearly theset B, C, D aredl subsets of A.

MATHEMATICS

MODULE - IV
Functions

Notes



3 Funolions

MODULE - IV
Functions

S

Notes

A can be consdered as the universal sat for this particular example. Universal st is generaly
denoted by U.

In a particular problem aset U is said to be auniversa st if dl the sets in that problem are
ubsets of U.

RENES

() Universa set does not mean aset containing al objects of the universe,

(i) A set whichisauniversa st for one problem may not be a universa set for another
problem.

W

SYETglo WP \\/hich of the following set can be congdered asa universal set ?
X = {x:xisared number}
Y = {y:yisanegaiveinteger}
Z = {z: zisanaurd number}

Solution : Asitisclear that both sets'Y and Z are subset of X.

\ X istheuniversd et for this problem.

15.7 VENN DIAGRAM

British mathematician John Venn (1834- 1883 AD) introduced the concept of diagrams to
represent sets. According to him universal set is represented by the interior of arectangle and
other sets are represented by interior of circles.

For example if U={1, 2, 3, 4,5}, A ={2 4} and B = {1,3}, then these sets can be
represented as

U
A B
@5

Fig. 15.1
Diagramatica representation of setsis known as aVenn diagram.

15.8 DIFFERENCE OF SETS

Consder the sets
A={12 34,5 andB={2, 4, 6}.

A new st having those dementswhich arein A but not B is said to be the difference of sets A
and B and it isdenoted by A- B.

\ A-B={1, 3,5}

Smiliarly aset of thosedementswhich arein B but not in A issaid to bethe difference of B and
Aanditisdevotedby B - A.

\ B- A={6}

MATHEMATICS



Ingenerd, if A and B are two setsthen
A-B={ x:xI A and xI B}
B-A={x:xl Bandxl A}

Difference of two sets can be represented using Venn diagram as :

u U
A B A B
A-B A-B ] (
or
When A and B are nol When A and B are
digjoint sy disjoint 5oy
Fig. 15.2 Fig. 15.3

15.9. COMPLEMENT OFA SET

Let X denote the universal set and Y, Z its sub set where
X ={x: x isany member of the family}
Y ={x: x isamde member of the family}
Z ={x: xisafemade member of the family}
X-'Y isast having femae members of the family.
X - Zisast having mae members of the family.
X-'Y issad to be the complement of Y andisusally denoted by Y'or Y ¢,
X - Z issad to be complement of Z and denoted by Z' or Z€.
If U isthe universa set and A isits subset then the complement of A isaset of those dements

which arein U whicharenot in A. Itisdenoted by A' or Ac€.
A'=U- A={x:x| Uandx | A}

The complement of a set can be represented using Venn diagram as:

Fig. 15.4

Remarks

() Differenceof two sets can befound even if noneisasubset of the other but complement
of asat can befound only when the set isa subset of some universal set.

i) fe=U. i)  uc = f.
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Example 15.13 €= Rig= 1

A ={x: xisaeven naturd number lessthan or equd to 10}
and B ={x:xisanodd natura number lessthan or equa to 10}
Fnd ()A-B (iB-C (ii)isA- B=B- A?
Solution : Itisgiven that

A={2,4,6,8,10},B={1,3,5 7,9}
Therefore,
@) A-B={24,6,8, 10}
(i) B- A={1,3579}
@iy  Clearlyfrom(i)and (i) A- B 1 B- A.

el NENPY | et U betheuniversa st and A its subset where

U={x:xT N and x£10}

A ={y :yisaprime number less than 10}
Fnd (i) AC (if) Represent A € in Venn diagram.
Solution : Itisgiven

U={1,234,5,6,7,8,9, 10}.

A={2235T
() AS=U- A={14,68,9, 10}
(i)

~

U
3 & 5
AN
gz Gg
5 7

Fig. 155

N\
Lei‘ CHECK YOUR PROGRESS 15.2

1 Insert the appropriate symbol in the blank spaces, given that

A={1,3,5,7,9)
ORI A (i) {239 A
) A (V)10 A

Giventhat A ={a b}, how many ements P(A) has ?
LeeA={f, {1} {2},{1.2}}
Which of the following istrue or fase ?

MATHEMATICS
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4. Which of the following statements are true or false ?
() Setof dl boys, iscontained in the set of al students of your school.

(i) Setof dl boy students of your school, iscontained in the set of dl students of your
school.

(i) Set of dl rectangles, is contained in the set of al quadrilateras.

(iv) Setof dl crdeshaving centre a origin is contained in the set of al dlipses having
centre at origin.

5. IfA={1234,5},B={56,7} find(i)A-B (ii)B- A.
6. Let N betheuniversa set and A, B, C, D beits subsets given by
A ={x: xisaeven naurd number}
B ={x:x1 Nandxisamultiple of 3}
C={x:x1 Nandx 3 5}
D={x:x1 Nandx £ 10}
Find complements of A, B, C and D respectively.

15.10. INTERSECTION OF SETS

Consder the sets
A={1,2,34 andB={24,6}
Itisclear, that there are some e ements which are common to both the sets A and B. Set of these
common elementsis said to be interesection of A and B and isdenoted by A C B-
Here A CB ={24}
If A and B aretwo setsthen the set of those e ements which belong to both the setsissaid to be

theintersection of A and B. Itisdevoted by A C B-
A CB={x:xI Aandx | B}

A C B can berepresented using Venn diagram as:

B
4
ANB = |

Fig. 15.6

Remarks

If A CB =f thenA andB aresaid to bedigoint sets. In Venn diagram digoint sets can
be represented as
U

DO

Fig.15.7
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ENJENENEE Given that

A ={x: xisaking out of 52 playing cards}
ad B ={y:yisaspadeout of 52 playing cards}
Find (i) A ¢ B (ii) Represent A ¢ B by using Venn diagram .
Solution : (i) Asthereare only four kings out of 52 playing cards, therefore the set A has only

four eements. The set B has 13 dements asthere are 13 spade cards but out of these 13 spade
cadsthereis one king dso. Therefore there is one common elementinA andB.\ A CB=

{ King of spade}.
’ﬁs
‘
ANB |

(i)
15.11 UNION OF SETS

Condder the following examples:

() Aisasthavingdl playersof Indian men cricket team and B isaset having dl players of
Indian women cricket team. Clearly A and B aredigoint sets. Union of thesetwo setsis
aset having al players of bothteamsanditisdenotedby A E B -

@) Disasethaving dl playersof cricket team and E isthe set having dl players of Hockety
team, of your school. Suppose three players are common to both the teams then union
of D and E isa et of dl players of both the teams but three common players to be
written once only.

If A and B are only two setsthen union of A and B isthe set of those dementswhich belong to
A or B.

In set builder form :
A EB={x:xI A orxl B}
OR
AEB={X:XI A-Borxi B-AO x] ACB}
A E B Can berepresented using Venn diagram as:

U U
A B A R

="\ = —\

AUB—-——@—'—B—ﬁ%%r AUB———%%

Fig. 15.9 Fig. 15.10
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n(AE B)=n(A -B) +n(B -A) (A @).
or n(AE B)=n(A)+n(B)- n(A CB)
wheren A E B Sandsfor number of dementsin A E B soon.

Example 15.16 A={x:xT z+ and £5}

B ={y:yisaprime number |ess than 10}
Find (1) A E B (ii) represent A E B usng Venn diagram.
Solution : We have,
A={1,2,3,4,5 B={23,57}.

\ AEB=1{1223,4,5,7}.
.. LI
ii
(ii) e
AU B—‘%
Fig.15.11

N\
L@‘ CHECK YOUR PROGRESS 15.3

1 Which of the following pairs of sets are digoint and which are not ?
(1) {x: xisan even naturd number}, {y :yisan odd naturd number}

(i) {x : x isaprime number and divisor of 12}, { y:y1 N and 3£y £5}
(i) {x :x isaking of 52 playing cards}, { y : y isadiamond of 52 playing cards}
(iv){1,23,4,5,{aei,ou}
2. Find the intersection of A and B in each of the following :
() A={x:xT z},B={x:xT N} (i) A={Ram, Rahim, Govind, Gautam}
B = {Sita, Meera, Fatima, Manprit}
3. Giventhat A ={1, 2, 3, 4,5}, B={5,6,7,8,9, 10}
fid@) AEB (i)A CB-
4, IfA={x:xI N}, B={y:yl z and -10£ y£ 0} find A E B and write your
answer in the Rogter form as wdll as set-builder form.
5. If A={2,4,6,8, 10}, B{8, 10, 12, 14}, C ={14, 16, 18, 20}.
Fnd(@i) AE(BEC) ()AC(BCC).
6. LetU={123,..... 10}, A={2,4,6,8,10},B={1,3,5,7,9, 10}
Fnd () (A EB)' (i) (A ¢cB) (i)B) (v) (B-A)-
7. Draw Venn diagram for each the following :
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(ACBwhenBi A (i) A C B when A and B aredigoint sets.

(i) A C B when A and B are naither subsets of each other nor digoint sets.
8. Draw Venn diagram for each the following :

(AEBwWhenAl B. (i) A E B when A and B are digoint sets.

(i) A E B when A and B are neither subsets of each other nor digoint sets.
0. Draw Venn diagram for each the following :

() A-Badpg-AwhenAli B.

(i) A-B and B- A When A and B aredigoint sts.

@ii) A-B and B- A when A and B are neither subsets of each other nor digoint
sets.

15.12 CARTESIAN PRODUCT OF TWO SETS

Consder two sets A and B where
A={1,2}, B={34,5}.
Set of al ordered pairs of eementsof A and B
is {(1,3), (1,4), (1,5), (2,3), (2,4), (2,5)}
Thisset isdenoted by A x B and is cdled the cartesian product of sets A and B.
e  AxB={(1,3),(1,4),15),2 3,2 4,2 5)}
Cartesian product of B setsand A is denoted by BxA.
In the present example, it is given by
BxA ={(3, 1),(3, 2),(4, 1),(4, 2),(5, 1),(5, 2)}
Clearly AxB 1 BXA.
In the set builder form :
AxB={(ab): al A and bl B}
BxA={(ba): bl Band al A}
Note:If A=f orB=f or A,B=f1
thenA"B=B A =f.

Example 15.17

(@) Let A={ab,c}, B={d,e}, C={ad}.
Fnd (i) AxB(ii) BXA ([i) AX(BE C) (iV(ACC) B
M(ACB) ' C MA" (B-C).
Solution : (i) AxB={(a d),(a €), (b, d), (b, ), (c,d), (c, e)}.
(i) BxA ={(d, a,(d, b), (d,c), (e a (e b),(e C)}.
(i) A={abc}, BE C={ade}.
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\ Ax(BE C)={(a a)(a d).(a €),(b, a).(b, d),(b, €), (c, &,(c, d).(c, €).
vy Ac¢c={a, B={d €.

\ (A cC)*B={(a d), (a €)}

V) AcB=f,c={ad},\ ACB’ c=f

(i) A={abc}, B- C={¢€}.

\ A" (B-C)={(ae),(b,e),(c.e)} .

15.13 RELATIONS

Condder the following example :
A={Mohan, Sohan, David, Karim}
B={Rita, Marry, Fatima}

Suppose Rita has two brothers Mohan and Sohan, Marry has one brother David, and Fatima
has onebrother Karim. If we defineardation R" isabrother of" between theeementsof A and
B then dearly.

Mohan R Rita, Sohan R Rita, David R Marry, Karim R Fatima.
After omiting R between two names these can be written in the form of ordered pairsas :
(Mohan, Rita), (Sohan, Rita), (David, Marry), (Karima, Fatima).
The above information can aso be written in the form of a st R of ordered pairs as
R= {(Mohan, Rita), (Sohan, Rita), (David, Marry), Karim, Fatima}
Clealy Ri A" B,i.eR={(ab):al A,bl B and aRb}
If A and B aretwo setsthen ardation R from A toB isasub st of AxB.
If () R =f ,Riscdled avoid reation.
(i) R=AxB, Riscdled auniversd relation.
(i) If Risardation defined from A to A, it is caled ardation defined on A.

(vyR={(aa) " al A},iscdled theidentity relation.

15.13.1 Domain and Range of a Relation

If R isardaion between two sets then the set of its firs dements (components) of dl the
ordered pairs of R is cdled Domain and set of 2nd elements of al the ordered pairs of R is
cdled range, of the given relation.

Congder previous example given above.
Domain = { Mohan, Sohan, David, Karim}
Range = { Rita, Marry, Fatima}

SETlENENERN Giventhat A ={2,4,5,6, 7}, B={2, 3}.

Risardation from A to B defined by

MODULE - IV
Functions

Notes
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R={(ab): al A, bl B adaisdivisbleby b}
fird (i) Rintherogter form (if) Domainof R (iif) Rangeof R
(iv) Repersent R diagramatically.
Solution : ) R={(2, 2), (4,2, 2), (6, 3)}
(i) Domainof R={2, 4, 6}
(i) Rangeof R={2, 3}

(iv) A
2
4 _i_
5
67
Fig. 15.12

e ENENICR If Risardation 'isgreser than' from A to B, where

A={1,2,3,4,5 andB={1,26}.
Find (i) R in the rogter form. (i) Domain of R (iii) Range of R.
Solution :
) R={(E1),32,41).,42,051),(05 2}
(i) Domainof R={3, 4, 5}
(i) Rangeof R={1, 2}

. CHECK YOUR PROGRESS 15.4

Giventhat A ={4,5,6, 7}, B ={8, 9}, C={10}
Veifytha A (B-C) = (A" B)- (A" C).
2. If Uisauniversa set and A, B areits subsets.
WhereU={1, 2, 3, 4, 5}.
A ={135}, B={x:xisaprimenumbet} find A' x B'
3. IfA={4,6,8, 10},B={2 3, 4,5}
R isardation defined from A to B where
R={(a b): al A, bl B andaisamultipleof b}
find ()R in the Rogter form (ii) Domain of R (iii) Range of R.
4, If R beardation from N to N defined by
R={(xy): 4x +y =12, x,y1T N}
find (i) R in the Rogter form (ii) Domain of R (iii) Range of R.
5. If R beardation on N defined by

R={ (x,x2) : x isaprime number less than 15}

MATHEMATICS
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Find (i) R in the Rogter form (ii) Domain of R (iii) Range of R
6. If R beardation on set of real numbers defined by R={(x,y) : x2 + y2 = 0} Find
(i) Rinthe Roder form (ii) Domain of R (iii) Range of R.

15.14 DEFINITION OF A FUNCTION

Congder the rdation A B
f:{@&1),(b2),(c?3),(d 5}

—

a > 1
In thisrelation we see that each dement of A hasaunique ] 2
imagein B C > 34
Thisrdation f from set A to B where every dement of A d > 5

has auniqueimagein B is defined as afunction from Ato
B. So we observe that in a function no two ordered Fig.15.13
pairs have the same first element.

Weadso seethat $ andement T B, i.e,, 4 which does not have its preimagein A. Thus here:

0] the sat B will be termed as co-domain and

(i) theset {1, 2, 3, 5} iscalled the range.

From the above we can conclude that range is a subset of co-domain.
Symbolicaly, this function can be written as

f:A® B or A3/43}4@ B

SETYENEWION \\/hich of the following relations are functions from A to B. Write ther

domain and range. If it is not afunction give reason ?
€) {®-2),(37).4,-6),81},A ={13,4,8}, B={-27,-6,1,2

b  {@0),(1- 1),(23),(410)}, A={1,2,4} , B={0,-1,3,10}
(@) { (a,b),(b,c),(c,b),(d,c)}, A ={ab,c,d,e} B={b,c}
@  {(24).(39).,(4,16),(5,25),(6,36}, A ={2,3,4,5,6}, B ={4,9,16,25,36}

©® {®-1,2-2.,3-3).,4-4.,5-9},A={01,23,45},
B={-1-2,-3-4,-5}

> . % . .
) %gesng,l'i,gcosp,@,aﬂanﬂ,loae o2 & 1
1€ 6'2%'¢& 27586 6" ap

11 43 1 u

A = SinB,cosB,tanE,cotE} B=i—,£,—,«/§,1

66 6 6 12243 b

@ {(ab).(a2).(b,3).(b,4)}, A ={a,b},B={b,2,3,4}.

MODULE - IV
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Notes

MATHEMATICS



- Sets, Relations and Functions

MODULE - IV
Functions

S

Notes

Solution :
@ Itisafunction.
Domain={13,4,8} , Range ={-2,7,-6,1
(b) It isnot afunction. Because |t two ordered pairs have same first eements.
(© It isnot afunction.

Doman={a,b,c,d} * A, Range ={b,c}
(d) Itisafunction.

Domain ={2,3,4,5,6),  Renge ={4,9,16,25,36}
(e Itisnot afunction .

Domain={12,3,4,5} *A, Rage ={-1-2,-3-4,-5}
(f) Itisafunction .

w

P _p.. p P _1143 1 i
in=1{sih—,cos—,tan—,cot — ==, ,—,\/5
Doman { 6 6 6 ] Range 5 g

— — —

6 23
()] It is not afunction.

First two ordered pairs have same first component and last two ordered pairs have dso same
first component.

EnlEuLwal State whether each of the following relations represent a function or not.

@ (b)

A B

I

Fig.15.14 Fig.15.15
(© (d)
B
f
! 2
S \ 4
Fig. 15.16 Fig.15.17
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Solution :
(@ fisnot afunction because the dement b of A does not have animagein B.

(b) fisnot afunction because the dement ¢ of A does not have auniqueimagein B.

() fisafunction because every ement of A hasauniqueimagein B.
(d) fisafunction because every dement in A hasauniqueimagein B.

SEYlENEWYE \\Vhich of the following rdaionsfrom R ® . R are functions?

@ y=3x+2 (b y<x+3 (0 y =2x2 +1
Solution :
@ y=3x+2
Here corresponding to every dement x I R, $ auniquedement y1 R.
\ Itisafunction.
(b) y<x+3.

For any red vaue of x we get more than onered vaue of .
\ It isnot afunction.

() y =2x2 +1

For any red vaue of x, wewill get aunique red vaue of y.
\ Itisafunction.

Q
\ ¥ § CHECK YOUR PROGRESS 15.5

1 Which of the following relations are functionsfrom A to B ?
@ {(L-2,37).4-6),81)}, A={1348,B={-2,7,-611}

(b) { @0),(1,- 1),(2,3),(4,10)}, A ={1,2,4},B ={1,0,-1,3,10}
©f (a2),(b,3).(c,2),(d,3)}, A ={a,b,c,d},B={2,3}
(@) { (1,1),(1,2),(2,3).(-3,4)} , A ={12,-3},B={12,3,4)

10 1o 1 6
©} gez 5893580505

11 1
A= {1,234} '3

@ {(11),(-11),(2,4),(-2,4)} ,A ={01,-12,-2} ,B={14}
2. Which of the following relations represent afunction ?

MODULE - IV
Functions
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@ (b)
A B
a > ! 1
[} > 2
C
d
Fig. 15.18 Fig. 15.19
(© (d)
A B
a > 2
h > 4
[ 5
Fig. 15.20 Fig. 15.21

Which of the following relations defined from R ® R are functions ?
@y=2x+1(b) y>x+3 () y<3x+1(d) y=x+1
Write domain and range for each of the following functions :

@ {(¥2.2).(45-1).(¥5:5)

je,loe,loae, 1ol
O 1258 %258 "2
©  {(11).(0,0),(2.2).(-1-1)}
(d  {(Deepak,16),(Sandeep,28),(Rajan,24)}
Write domain and range for each of the following mappings:

@ (b)
A B A B
1 N 4 1 1
’ ) ( ; ) ‘
3 > 6 3

Fig. 15.22 Fig. 15.23
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(© (d)
A B A B
7
1 1 Gagan &
2 2 Ram 2
8
Fig. 15.24 Fig. 15.25
© 4 B
a > 2
]
C
d > 4
Fig. 15.26

15.14.1 Some M ore Examples on Domain and Range

Let us consder some functions which are only defined for a certain subset of the set of red
numbers.

enlENEWAY Find the domain of each of the following functions :

@y== ®y=——  @Qy=—L
X X- 2 Y T Xt 2x- 3
1

Solution : Thefunction y = = can be described by the following set of ordered pairs.
X

1o

} ....... ,?—2,-5. (-l-l)’(l’l)?,%g,....g

57

Here we can see that x can take dl rea values except 0 because the corresponding image, i.e.,
1

0 is not defined.

\ Doman = R - { 0} [Set of dl redl numbers except 0]
Note: Hererange =R - {0}

(b) xcantakeadl red values except 2 because the corresponding image, i.e., ﬁ does

not exis.
\  Doman=R- {2}
(©0 Vdueofydoesnotexigfor x =-2 and x =3
\ Doman = R - {-2,3}

MODULE - IV
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SENENE®ZY FHnd domain of each of the following functions:
@y =+J/x-2 () y=+J(2- x)(4+x)

Solution :(a) Consider thefunction y = ++/x - 2

In order to have redl values of y, wemust have (x - 2) 3 0

e X3 2
\ Domain of the function will bedl red numbers s 2.

®  y= 4z 0@ )

In order to have red valuesof y, wemust have (2- x)(4+x) 30

We can achieve this in the following two cases

Casel: (2- x)3 0and(4+x)30

p x£2andx3 -4

\ Domain consgsof dl red valuesof x suchthat -4 £ x £ 2
Casell: 2- x£0and4+x £0

s} 2EXand x £-4.

But, x cannot take any red vaue which is greater than or equa to 2 and less than or equd to
-4.

\ From both the cases, we have
Doman=-4£x£2" xR

SENJENEWEN For the function

f(x) =y = 2x+1, findtherangewhendoman = {-3,-2,-1,0,1,2,3} .
Solution : For the given vaues of x, we have

f(-3)=2(-3)+1=-5

f(-2)=2(-2) +1 =3

f(-1)=2(-1) +1 =1

f(0)=2(0) 1 4

f(1)=2(1) 1 =3

f(2)=2(2) 1 5

f(3)=2(3) v1 ¥

The given function can aso be written as a set of ordered pairs.
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ie, {(-3-5),(-2-3),(-1-1),(0,1)(13),(
\ Range = {-5,-3,-1,1,3,5,7}

If f(x)=x +3,0 £ £4finditsrange
Solution : Here OEx£E4

or 0+3E£x+3 £4 +3
or BEf(X)E7

2,5)(3.7)}

\ Range={f (x):3£f(x)E 7}

SepldlNimrd If f (x)=x2, -3 £x £3finditsrange.
Solution : Given - 3£x£ 3
or OE£x2£9 or OE£f(x)EQ

\ Range={f (x):0£f(x)£ 9}

. CHECK YOUR PROGRESS 15.6

Find the domain of each of the following functions x T R :

@ O y=2 @ y=%+3 (i) y=x2+5
) 1 . 1

O OY=5 Y = D E)
Wy =0 3)1(x- 5 MY x)l(x T5)

© O y=v6-x (i) y =7 +x
(i) y = /3 +5

@ @ y=4(3-x)(x-5) @) y=4y(x -3)(x +5)

1 , _ 1
(Ill)y:J(3+x)(7 +X) (Iv)y_\/(x- 3)(7+x)
2. Find the range of the function, given its domain in each of the following cases.
@ () f(x)=3x +0, x1 {1,57-1-2}
(i) f(x)=2x2 41, x1 {-3 2 4,0}

(i) f (x) =x2 -x +2, x1 {1, 2 3,4,5}

MODULE - IV
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) () f(x)=x-2,0£Ex£4 (i) f(x)=3x +4,-1E£xX£2
(© (@)f(x)=x2,-5E£xE5 (ii)f(x)=2x,-3£xE 3
(i) f (x)=x2 #,-2E£ x£ 2 (V) f(x)=+/x,0£x£ 25

@@ (@Of(x)=x +5,xT R (i) f(x)=2x -3,xI R

i) f (x) =x3, xI R (iv)f(x):%,{x:x<0}

(v)f(x):ﬁ,{x:x£l} (vi)f(x):sx—l_z,{x:XEO}

(vii)f(x):%,{x:x >0} (viii)f(x):x%rS,{x:x1 -5}

15.15 CLASSIFICATION OF FUNCTIONS

Let fbeafunctionfrom A toB. If every dement of the set Bistheimage of at least one dement
of the set A i.e. if thereis no unpaired eement in the set B then we say that the function f maps
the set A onto the set B. Otherwise we say that the function maps the set A into the set B.
Functions for which each element of the set A is mapped to adifferent dement of the set Bare
said to be one-to-one.

One-to-one function

@]
AN =

Fig.15.27
Thedomainis{ A,B,C}

The co-domainis{12,3,4}

Therangeis{1,2,3}

A function can map more than one e ement of the set A to the same element of the st B. Such
atype of function is said to be many-to-one.
Many-to-one function

A > 1
B 2
c 3
4

Fig. 15.28
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The domainis{ A,B,C}
The co-domainis{12,3,4}

Therangeis {1, 4}
A function which is both one-to-one and onto is said to be a bijective function.

A N 1 A > 1
B > 2 B 2
c > 3 > 3
4
Fig. 15.29 Fig. 15.30
A > 1 A > 1
B 2 B 2
c 3 c
4
Fig. 15.31 Fig. 15.32

Fig. 15.29 shows a one-to-one function mapping { A,B,C} into{1,2,3,4}.
Fig. 15.30 shows a one-to-one function mapping { A,B,C} onto {1,2,3} .
Fig. 15.31shows amany-to-one function mapping { A,B,C} into{ 1,2,3,4} .

Fig. 15.32 shows a many-to-one function mapping { A,B,C}onto {1,2}.

Function shown in Fig. 15.30 is dso a bijective Function.

Note : Reations which are one-to-many can occur, but they are not functions. The following
figureilludrates this fact.

Fig. 15.33

el \Vithout usng graph prove that the function

F:R® Rdefiendby f (x) =4 +3x isone-to-one.
Solution : For afunction to be one-one function

F(x()=f(%) P Xg=X, " Xp, Xp1 domain

MODULE - IV
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\ Now f (x;) =f (x5 ) gives

4+3xg =4 BXy Or X X
\ F isaone-one function.

SYETlCNEWCE Prove that

F:R ® Rdedinedby f (x) =4x3 -5 isabijection

Solution: Now f (x1) =f (X2 ) " X, X, Doman

\ 4x2 - 5=4x,°- 5

P x13:x23

= X - X0 =0Pb (Xz'Xl)(X12+X1X2+X22):O
P X1 = Xp OF

X2 + XXo + X52 = 0 (rejected). It hasno red vaue of x; and x,.
\ F isaone-one function.

Aganle y = (x) where y I codomain, X1 domain.

1/3
_ay
=4x3 - X = =
We have y =4xs -5 or 1
\ Foreach y | codomain $ x| domainsuchthat f (x)=y.

Thus Fisonto function.
\ Fisabijection.
SE NN Provethat F: R ® R definedby F(x) =x2 +3 isneither one-onenor
onto function.
Solution : Wehave F(x;) = F(x,) " Xg, X, ~domaingiving
x12 +3 :x22 3 Dx12 ;(22
or x12- x22:0 P Xy =Xp 0Or X1 =X%p
or F isnot one-one function.

Aganlety =F(x) wherey ! codomain

X | doman.
p y=x2+3 P X = &jy -3
p "y <3 nored vdueof xinthedoman.

\ F isnot an onto finction.
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15.16 GRAPHICAL REPRESENTATION OF FUNCTIONS

Since any function can be represented by ordered pairs, therefore, agraphical representation of

the function is dways possible. For example, consider y = x2.

y =x2

x[01]-1|2|-2

ylol1] 1]4| 4

N
v (4. 16)

(3.9)

()

(1.1

Doesthis represent a function?

Y es, this represent a function because corresponding to each value of x $ auniquevduedf y.

Fig. 15.34

Now consider the equation x2 + y2 = 25

X2 +vy2 =25

x|0| 0|3| 3|4

y|5]-5[4[-4|3]|-3]o] o] 4]-4

Fig. 15.35
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MODULE - IV | Thisgraph representsacircle.
Functions | Doesit represent afunction ?

No, this does not represent a function because corresponding to the same vaue of x, there
D\) does not exist a unique vaue of y.

e\
Notes ‘@4 CHECK YOUR PROGRESS 15.7

1. (1) Does the graph represent a function?

A

——T——

\ 4

Fig. 15.36
(i) Does the graph represent afunction ?

/I
o\

Fig. 15.37
2. Which of the fallowing functions are into function ?
(a A B
1 > 2
\
2 > 4
3 > 8
10
Fig.15.38

(b) f:N® N, definedas f (x) = x2
Here N represents the set of natural numbers.
(¢ f:N® N, definedasf(x)=x
3. Which of thefollowing functionsare onto functionif f :R ® R

MATHEMATICS
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@  f(x)=115x + 49 b  f(x)=]x| MODULE - IV
Functions
4. Which of the following functions are one-to-one functions ?

@  f:{20,21,22} ® {40,42,44} definedas f (x) = 2x

(b) f:{7,8,9} ® {10} definedas f (x) =10
Notes
(¢ f:1® R definedasf(x)=x3
(d) f:R® R definedasf(x) =2+ x4
(d f:N® N definedasf(x)=x2+2x
5. Which of the following functions are many-to-one functions ?
@ f:{-2-112} ® {2,5} definedasf(x)=x2+1

B  f:{0,1,2} ® {1} defiredasf(x)=1

(© A B
1 > a
2 re ™y
3 ]
4 > d
Fig.15.39

(d f:N® N definedasf (x)=5x+7
6. Draw the graph of each of the following functions:
@y=3x2 (b y=-x2 © y=x2-2
dy=5-x2@y=2x2+1 (y=1-2x2
7. Which of the following graphs represents afunction ?

@ y (b) ,

¥

Fig. 15.40 Fig. 15.41
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© Ay (d) y

S [ ) SN

X < > X X< > X
N Y' yl
Fig. 15.42 Fig. 15.43
® y
X' < > X
2%
Fig.15.44

Hint : If any line || to y-axis cuts the graph in more than one point, graph does not represent a
function.

15.17 SOME SPECIAL FUNCTIONS

15.17.1 Monotonic Function

Let F: A ® B beafunction then Fissad to be monotonic on aninterva (ab) if it isether
increasing or decreasing on that intervdl.

For function to be increasing on an intervd (ab)

Xg <Xo P F(x)<F(x) " x:%x (ab)
and for function to be decreasing on (a,b)

X <Xz P F(x)>F(x2) " x1x2 (ab)

A function may not be monotonic on thewhole domain but it can be on different intervasof the
domain.

Consider thefunction F: R ® R definedby f (x) = x2.
Now " Xq, Xo 1[0, ¥
X <Xz P F(x)<F(xz)

p FisaMonotonic Function on [0, ¥ |.
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(-.- Itisonly increasng function on thisinterva)
But " X3, Xo1 (-¥,0)
X <xz P F(x1)>F(xz)
= FisaMonotonic Functionon [ - ¥, 0]
(- Itisonly adecreasing function on thisinterva)
Thereforeif wetdk of thewhole domain given functionisnot monotonic on R but it ismonotonic
on (-¥,0) and (0,¥).
Again consder thefunction F: R ® R definedby f (x) = x3.
Clearly " x4 x, 1doman
X <xp P F(x1) <F(xz)
\ Given functionismonotonic on Ri.e. on the whole domain.
15.17.2 Even Function
A function is said to be an even function if for each x of domain
F(-x) = F(x)
For example, each of the following isan even function.
@) If F(x)=x2 then F(-X):(_X)2 =x2 = (x)
(i) If F(x)=cosxthen F(-x)=cos( x) =cosx =F(x)
@iy 1 F(x)=|x|then F(-x)=]-x| =[x| =F(x)

N

N
A\

\ 2

Fig. 15.45
The graph of this even function (modulus function) is shown in the figure above.

Lovsevaton

Graph is symmetrical about y-axis.
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15.17.3 Odd Function

A function is said to be an odd function if for each x

Ay
F(-x)=-f(x)
Xy}
For example,
o
0 Iff(x)=x3 < >
then f (- x) = (-x)? = -x® = -1 (x) >
@) Iff(x)=snx vy
Fig. 15.46

thenf (-x) =sin(-x)=-snx =-f(x)

Graph of the odd functiony = x isgiven in Fig.15.46

[oevaion

Graph is symmetrica about origin.
15.17.4 Greatest Integer Function (Step Function)
f (x) =[x] whichisthe grestest integer less than or equal to x.

f (x) iscalled Greatest Integer Function or Step Function. Itsgraphisin theform of steps, as

shown in Fig. 16.47. v

Let usdraw thegraphof y =[ x],xT R —3 —0
[x]=1 1£x<2 -2 —0
[x]=2 2£x<3 41 —o
[x]=3 3£x<4 aresrerae B S R
[x]=0, 0£x <1 7
[x]=-1 -1£x<-0 —° 77
[x]=-2 -2£x<-1 V Fig. 15.47

. Domain of the step function is the set of red numbers.
. Range of the step function isthe set of integers.

15.17.5 Polynomial Function

Any function defined in the form of a polynomid is caled a polynomid function.
For example,

0] f(x)=3x2- 4x- 2

f(x)=x3-5x2- x+5

MATHEMATICS



iy f(x)=3
aredl polynomid functions.
Note : Functionsof thetypef ( x ) = k , wherek isaconstant isalso called aconstant function.

15.17.6 Rational Function

Function of thetype f ( x ) :%,whereh(x) 1 0andg(x) andh(x) aepolynomid

functions are cdled rationd functions.

X2 - 4

X1 -1
X+1

For example, f(x)=

isarationd function.
15.17.7 Reciprocal Function

Functions of the type y = i,x 1 giscdled areciprocd function.
X
15.17.8 Exponential Functions

A swiss mathematician Leonhard Euler introduced anumber eintheform of aninfinite series. In
fact

e=1+2 &£ & 4 1
Il_ ]_2 |§ m .......... (1)
Itiswdl known that the sum of itsinfinite seriestendsto afinitelimit (i.e, thisseriesis convergent)

and henceit isa pogtive rea number denoted by e. This number eisatranscendentd irrationa
number and its value lies between 2 an 3.

Congder now the infinite series

X x2 x3 xn
o+ e L
L 12 B [n
It can be shown that the sum of itsinfinite series d o tends to afinite limit, which we denote by
eX.ThUS,

1+ i

eX=1+5+)£ ﬁ £ X4
|!- |_2 B m AT deaaas (2)

Thisiscaled theExponential Theorem and theinfinite seriesiscaled theexponential series.
We eadlly see that we would get (1) by putting X = 1in (2).

Thefunction f (x) = ex, Wherex isany red number is caled an Exponential Function.
The graph of the exponentid function

y =ex

MODULE - IV
Functions

Notes
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MODULE - IV | isobtained by consdering the following important facts::

Functions |() Asxincreases, they vaues areincressing very rapidly, whereas as x decreases, the'y
values are getting closer and closer to zero.

(i)  Thereisno x-intercept, snce €X * 0 for any vaue of x.
(i) Theyinterceptisl, Snceegd =1and et Q.

Notes (iv)  The specific points given in the table will serve as guiddines to sketch the grgph of ¢
(Fig. 15.48).
X -3 -2 -1 0 1 2 3
y =g 0.04 0.13 0.36 1.00 2.71 7.38 | 20.08

o :
4 5
-~ 2 o
-39
Fig. 15.48
_ Y
If we take the base different from e, say a, we :
would get exponentia function . g1
f (x) = ax provhideda >0, at 1. -
For example, we may takea= 2 or a= 3 and get ”
the graphs of the functions
y = 2% (SeeFig. 15.49) ]
7 4
and y = 3X(SeeFig. 15.50) ]
Fig. 15.49 -""'.fl : ;s i
-3-2-1 Y1 2 3 4 5
- 11
=

MATHEMATICS
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=3

-3 =2 =1 Gy 2 a3 4 & !
=1 -1

o 3

-39

Fig. 15.50 Fig. 15.51

15.17.9 L ogarithmic Functions
Consider now the function
y=eX 3
Wewriteit equivdently as
x =loge y
Thus, y=Ilogex L (4)
istheinversefunction of y = eX H
The base of the logarithm is not writtenif it ise 6
and so loge X isusudly written aslog x. i
Asy =eX and y = log x aeinversefunctions, 41
their graphs are dso symmetric w.rt. theline 3t
y =X
The graph of the function y = log x can be
obtained fromthat of y = eX by reflectingitin
theliney =x.

= |1|&:r.

Fig. 15.52

(Nte

(i) Thelearner may recdl thelawsof indiceswhich you have dready studied in the Secondary
Mathematics :

If a> 0, and m and n are any rationd numbers, then

am xah=  gm+n

MODULE - IV
Functions

Notes
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am s an =am-n
(am)" =am
ad =1
(i)  The corresponding laws of logarithms are
log, (mn) =log, m +og, n
T
logy 8Tﬂ= loga m -log, n

log, (mn) =nlog, m

logg m
log, m = —2—
sl log, b
or log, m = log, mlogy a

Herea, b>0,at 1, bt 1.

Q
\ Y § CHECK YOUR PROGRESS 15.8

1.

Tick mark the correct statement.

0} Function f (x ) = 2x4 + 7x2 + 9x isan even function.
(D) Odd function is symmetrica about y-axis.

@iy  f(x)=xt2- x3 + x5 isapolynomid function.

isaraiond functionfordl x| R.

i) f(x)=2

3+X
v) f(x)= gisaconstant function.

o) f(x)==

X

Domain of the function isthe set of red numbers except 0.
(vii)  Greatest integer function is neither even nor odd.

Which of the following functions are even or odd functions ?
X2 -1 X2 1
f = b) f(x)= C)f =
@F(x)="—7 O f(x)=g77 OF ()=~
2 X 5
df (x)=— e f = f =
@F(x)=5 @ F(X)=g Of(x)=—=

MATHEMATICS
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(=12

3. Draw the graph of thefunction y =[x | - 2.

() f(x)=x-x3

4.  Spedify thefollowing functionsas polynomid function, rationd function, reciprocd function

or congtant function.
X2+ 2
(a y =3x8 - 5x7 +8x5 (b) Y—m, x3-2x+310
3 2x +1
= =3 + , X 10
(©) y=.2:x10 @ v o
1 X2 - 5x +6
=1-=,x 10 =, x 12
©  y=i-] O Y=
@ Y_1

15.18 COMPOSITION OF FUNCTIONS

Congder the two functions given below:
y=2x+1 xI{1,2,3}
z=y +1, y1 {3,5,7}

Then zis the composition of two functions x and y because z isdefined interms of y and y in

termsof x.
Graphicaly one can represent this as given below :

FxX)—y-2x-1 givi=z=y +1

gof

Fig. 15.53
The compasition, say, gof of function g and f is defined as function g of function f.

If f-A® Bandg:B® C
then gof:AtoC

Let f(x)=3 +lad g(x)=x2 +2

Then fog(x)="f(g(x))

MODULE - IV
Functions

Notes
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=f(x2 +2)

=3(x2 #2) 4 =3x2 +7 0)
and (gof ) (x) =g(f(x))

=9g(3x +1)

= (3x 1) ®2=9x2 +6x B (1)
Check from (i) and (ii), if

fog = gof
Evidently, fog 1 gof

Smilaty, (fof )(x) = f (f (x)) =f (3x 4)  [Readasfunction of functionf].
=3(3x +1) 4
=9x 3 4 B, 4
(gog)(x) =g(g(x)) =g(x2 +)[ Read asfunction of function g]

= (x2 +2)° +2
=x4 +4x2 4 2
= x4 +4x2 46
If f (x)=+/x+1 and g(x) =x2 +2, caculate fog and gof.
Solution : fog(x)="f(g(x))
=f(x2 +2)
=x2 +2 4
e
(gof )(x) =g (f(x))
=9(Jx+1)

2
=(x+1)° +2
=X +1 ¥

=x+3.

Here again, we seethat (fog) 1 gof

ENJNERAAIf f (x)=x3f: R ®R

1

9(x)=1, g:R- {0} ® R- {0}

MATHEMATICS
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Find fog and gof.
Solution : (fog)(x) =f(g(x))

:f%lo :@3 :i
&Exo &xp X3
(gof )(x) =g(f(x))

_1
- g(X3) - g
Here we see that ng = gof

Note : We observe from Example 15.31 and Example 15.32 that fog and gof may or may
not be equal.

Q
& 8 CHECK YOUR PROGRESS 15.9

1. Find fog, gof, fof and gog for the following functions :

1
1-x

f(x)=x2 +2, g(x)=1- X 11,

2. For each of the following functions write fog, gof, fof and gog.
@ f(x)=x2 -4,g(x)=2x +5

) f(x)=x2,9g(x)=3
© f(x)=3x-7,9(x)==,x 10
3. Let f(x)=]|x] g(x) :[x]. Veify that fog 1 gof.

4. Lee  f(x)=x2 +3,g(x) =x 2

Provethat fog * gof and % 200 _
& 82 o0 ge€e2ma

5. If f (x) =x2 g(x) =vx . Show that fog = gof.

6. Letf(x)=]|x1]g(x) :(x)%,h(x) %;x 0.

Find (a) fog (b)goh  (c)foh  (d)hog (e) fogoh

hint: (1ogon) (x)= 1 (a(n(x))) =1 T2 §

MODULE - IV
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Notes

MATHEMATICS



Sets, Relations and Functions

A | 15.10 |NVERSE OF A FUNCTION
Functions

(A)  Congder therdation

E\) s

Notes

[T

[w3]

Fig. 15.54

Thisis amany-to-one function. Now let us find the inverse of thisrelation.
Pictoridly, it can be represented as

B A

Fig 15.55
Clearly thisrelation does not represent afunction. (Why ?)
(B) Now take another relation

A B
r
1 > 4
2 > 5
3 > 6
Fig.15.56

It represents one-to-one onto function. Now let us find the inverse of this reation, which is
represented pictoridly as

Fig. 15.57
MATHEMATICS
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This represents a function.
(C) Congder therelation

Fig. 15.58
Ir represents many-to-one function. Now find the inverse of the relation.
Pictoridly it is represented as

Fig. 15.59

This does not represent a function, because eement 6 of set B is not associated with any
element of A. Also note that the eements of B does not have a unique image.

(D) Let ustake the following relaion

A B
r
1 N 4
> 5
3 > 6
7
Fig. 15.60

It represent one-to-one into function.
Find the inverse of the relation.

P
4
T
r

~N e g

Fig. 15.61

MODULE - IV
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It does not represent a function because the element 7 of Bisnot associated with any eement
of A. From the above rdlaionswe seethat we may or may not get ardation asafunction when
we find the inverse of ardation (function).

We see that the inverse of afunction exigts only if the function is one-to-one onto function
i.e only if it isabijective function.

e\
L@‘ CHECK YOUR PROGRESS 15.10

1 (1) Show thet the inverse of the function
y =4x -7 exids.

(i) Let f be a oneto-one and onto function with domain A and range B. Write the
domain and range of its inverse function.

2. Find the inverse of each of the following functions (if it exists) :

~

@ f(x)=x +3 "x R

M f(x)=1-3x "x IR

(© f(x)=x2 "x IR

(d) f(x)=X+l,x10 x TR
X

dl LET USSUM UP

° Set isawdl defined collection of objects.

° To represent aset in Roster form dl dements are to be written but in set builder form a
S is represented by the common property.

° If the dements of a set can be counted then it is cdled a finite set and if the dements
cannot be counted, it isinfinite,

° If each dement of sat A isan dement of set B d0then A iscdled sub st of B.

. For two setsA and B, A - B isasa of those dementswhich arein A but not in B.

. Complement of aset A isaset of those dementswhich arein the universd set but not in
A ieac=U-A

. Intersection of two setsisaset of those elements when belong to both the sets.

. Union of two setsis a set of those e ements which belong to either of the two sets.

. Cartesian product of two sets A and B isthe set of dl ordered pairs of the dementsof A
andB. Itisdenotedby A " B. i.e.

A" B={(ab):al A and bl B}.

° Rdationisasub set of AXB where A and B are sets.

ie RI A" B={(ab):al A and bl B and aRb}

MATHEMATICS



